The hydroelastic behavior of very large floating structures (VLFSs) is investigated based on the proposed multimodules beam theory (MBT). To carry out the analysis, the VLFS is first divided into multiple submodules that are connected through their gravity center by a spatial beam with specific stiffness. The external force exerted on the submodules includes the wave hydrodynamic force as well as the beam bending force due to the relative displacements of different submodules. The wave hydrodynamic force is computed based on three-dimensional potential theory. The beam bending force is expressed in the form of a stiffness matrix. The motion response defined at the gravity center of the submodules is solved by the multibody hydrodynamic control equations; then both the displacement and the structure bending moment of the VLFS are determined from the stiffness matrix equations. To account for the moving point mass effects, the proposed method is extended to the time domain based on impulse response function (IRF) theory. The method is verified by comparison with existing results. Detailed results through the displacement and bending moment of the VLFS are provided to show the influence of the number of the submodules and the influence of the moving point mass.
Introduction
A very large floating structure (VFLS) is a unique type of oceanic structure that embraces a range of unprecedented parameters. VLFSs are designed primarily for floating airports and as a dock for calm waters on open seas.
Because it is larger than existing floating structures, a VLFS's flexibility must be taken into account. Also, for a VLFS to be used as an airport or bridge, time-varying moving loads must be considered, for example, the analysis of the displacement and bending moment of a very large floating bridge in calm water with some moving point masses [1, 2] or the displacement response of a VLFS in waves with a moving load point [3, 4] .
Simulations of the displacement and bending moment of a VLFS are mostly based on hydroelastic theory to date. In the frequency domain, hydroelastic theory was initially developed in two dimensions [5, 6] . Wu [7] extended the work of Bishop and Price to three dimensions, and Chen et al. (2003a) developed three-dimensional nonlinear hydroelastic theory. Hydroelastic theory can be also extended to the time domain [8, 9] .
To account for the effects of moving point masses, simulations must be carried out in the time domain. Chakrabarti [10] and Jacobsen and Clauss [11] analyzed the hydrodynamic interactions of a multibody system based on the impulse response function (IRF) method, but the bodies are not connected to each other. Shen et al. [12] presented procedures for numerical solutions of system motion responses of a multi-rigid-body in the time domain. A moving load on a rigid body has also been studied [13] [14] [15] .
An approximation theory for the analysis of the displacement and bending moment of a VLFS, based on multimodules beam theory (MBT), was recently developed by 2 Mathematical Problems in Engineering Lu et al. [16] . In this method, the VLFS is divided into submodules that are connected by a beam with specific stiffness through the gravity center of the submodules. The external force exerted on the submodules includes the wave hydrodynamic force as well as the beam bending force due to the relative displacements of different submodules. Then, the final hydroelastic response equations can be established based on multibody hydrodynamic theory and beam theory. The displacement along the VLFS can be obtained by solving these equations, and then the structural deformation as well as the section loads can be computed. In this paper, Lu's methodology for the computation of the displacement along the VLFS has been improved, and some new methods have been developed for the computation of the section loads. We discard the beam bending method of Lu et al. [16] and calculate the displacement response of the structure by the method of matrix transformation. To obtain the complete bending moment distribution, the high-order difference is obtained for a few accurate moment values. This method is more rigorous, and the displacement and bending moment along the whole VLFS can be obtained. This paper avoids the resonance problem caused by small gap reasonably when calculating the hydrodynamic coefficient [17] .
The methodology has been extended to time domain analysis based on IRF theory, and this paper attempts to simulate the hydroelastic response of the VLFS in waves with some moving point mass. Study on the moving load of an elastic floating body under wave action is the foundation of research on landing pontoons, but there is little literature. This paper combines MBT (Lu, 2015) , IRF theory [18, 19] , and the analysis method of moving load on rigid floating body. MBT and IRF are used in the time domain analysis of a VLFS; the floating body in the moving load is treated as a rigid body, and the inertia force introduced by the moving load is added to the wave force of this floating body. Although the method is very approximate, the results can reflect the response characteristics of the structure.
Mathematical Formulation
Lu's method is based on potential theory and multibody theory. For the hydrodynamic aspect, the ideal fluid assumption is adopted; that is, the fluid is inviscid, irrotational, and incompressible. The incident wave amplitude is assumed to be small relative to a characteristic wavelength and body dimension. For the structural aspect, a stiffness matrix is introduced between two adjacent modules to consider the flexible structure.
Hydrodynamic Model.
Based on the assumptions of an ideal fluid and linearity, the velocity potential can be decomposed into three parts as follows:
where , , and denote, respectively, the incident wave potential, diffraction wave potential, and radiation wave potential. The incident, diffraction potential, and radiation potential satisfy the following boundary conditions:
As shown in Figure 1 , Ω is the fluid domain, and , , , and ∞ are the free surface, bottom surface, wetted body surface of the kth module, and boundary surface at infinity of the fluid, respectively. ⃗ represents the outward-directed unit vector normal to the wetted surface of the kth module. ⃗ is Mathematical Problems in Engineering 3 the speed on the wetted surface of the kth module. is the velocity potential. After the velocity potential is obtained, the added mass and the radiation damping of the bodies, as well as the wave excitation force, can be calculated.
In the frequency domain, the excitation forces are related to the incident and diffracted potential as follows:
where , ⃗ , , , and 0 are the imaginary unit, wave excitation forces, fluid density, wave frequency, and average wetted surfaces, respectively. The added mass and damping coefficient is given by
Motion Equation.
According to Lu's method, a VLFS is divided into many modules, and the equation of six-degreeof-freedom (DOF) motion in the frequency domain for a given wave amplitude and wave frequency can be written as follows: Further, considering all modules, (5) is extended to the form of an equation set:
As a linear system, the coefficient matrix of unknowns [ ] 6 ×1 can be replaced by [ ], and (6) can be rewritten as
where [ ] is the total stiffness matrix. The expressions for the stiffness matrix [ ] will be discussed in the following section.
Analysis of Spatial Beam.
The six-DOF motion of a module's center is restricted by the deformation condition of the equivalent beam between two modules.
As Lu [20] has written, each side of the beam element i-j has six components of displacements and forces:
where ( , , ) are forces in the ith cross-section and ( , , ) are the corresponding bending moments. Similar expressions can be obtained for the jth cross-section. Generally, the forces and moments are assumed to be 
where [ ] -is the stiffness matrix that is used in (5) (7) will be 6 × 6 .
Hydroelastic Response of the VLFS

Numerical Model.
To illustrate this methodology, we use the model mentioned by Yokosuka [21] . This VLFS is a scaled model of the Mega-Float, constructed and developed for use in sheltered waters. The wave amplitude is 1 m, and the main parameters are listed in Table 1 . The grid in the hydrodynamic calculation of the VLFS is 160 × 10 × 10. Lu (2015) [20] proposed a method for the computation of the displacement along the VLFS based on spatial beam theory. In this paper, a more generalized method will be developed.
Displacement along the VLFS.
It can be seen from (9) that once the displacement [ ] has been solved, the section load [ ] can be computed. The displacement along a given spatial beam can be calculated based on the end interfaces' displacements and section loads.
Equation (9) can be rewritten as
The end interface loads and can be obtained once the displacements and have been solved.
To get the displacement and section load defined at any position between the two end interfaces, (10) is modified as follows:
Then the displacement and section load defined at section can be computed by
Lu's method (Lu, 2015) can only calculate the vertical displacement response. Equation (12) can provide the sixdegree-of-freedom displacement along the VLFS, which is a big improvement over the original method proposed by Lu (2015) [20] .
The present results are compared with experimental results [21] and numerically calculated data from threedimensional hydroelastic theory [22] , which are shown in Figure 2 . In this part, the continuous VLFS is divided into five modules with 0-degree wave direction. Values calculated in this paper are denoted by "Present." Experimental values [21] are denoted by "Experiment," and numerically calculated data from three-dimensional hydroelasticity theory [22] 
Bending Moment Distribution along the VLFS.
To obtain the moment of the VLFS, Lu [20] proposed an equal force method based on the Darren Bell principle. It is equivalent to sets of forces being exerted on the center of each module for the VLFS. The whole problem can be described as follows: a free beam is subjected to a number of concentrated forces to reach static equilibrium and to obtain the moment distribution of the beam section. This is shown in Figure 3 . The forces conform to the following formulae:
Lu adopted this method and computed the bending moment along the VLFS, where eight submodules were used, and the numerical results were compared to the values calculated by the hydroelastic theory [22] . It can be seen from Figure 4 that the results based on beam theory are in good agreement with the results calculated by Fu et al. Since the continuous distribution forces are simplified to be the concentrated force on the gravity center of the submodule, only the connection interfaces of the submodules are exactly right, which is explained in the next section; that is, eight submodules can obtain nine exact points; then the bending moment distribution along the VLFS can be computed by Bspline interpolation.
To demonstrate the influence of the number of submodules, Figure 5 shows the comparison of bending moment distributions of five and eight submodules, respectively, in which the frequency is chosen as 0.6 rad/s. Here, FBP denotes the six It can be seen that there is a big difference between the bending moment distributions for five submodules and eight submodules. To overcome this problem, some improvements have been proposed in the following section, specifically to use fewer submodules to obtain high accuracy of the bending moment distribution.
High-Order Interpolation Method.
In the multisubmodule beam theory of Lu (2015) [20] , the continuous distribution pressure is treated as the concentrated force exerted on the gravity centers of the submodules. Therefore, the displacement as well as the bending moment distributions can be determined by four parameters, as seen in the following equations: 
However, the continuous distribution pressure has to be taken into account when solving for the displacement and the bending moment, as seen in the following equations:
where ( ) is the vertical displacement at . , , , , , and are the displacement, rotation, equivalent bending In Lu's original work, only the exact bending moment is used to perform the spline interpolation. However, it can be seen from (15) that, on the exact point, both the bending moment value and its partial derivative with respect to the variable x are known. Therefore, the higher-order interpolation scheme can be applied. Li (1986) showed that the interpolation curves can be cubic order if both the point value and its partial derivative at the two ending points are known; that is, { 0 , 0 , 0 } and { 1 , 1 , 1 } are known. Then, the interpolation curve can be expressed as
where
Since the current method takes into account both the bending moment and the shear force when solving the bending moment distribution along the VLFS, the interpolation accuracy must be greater than that of the original method of Lu. Figure 6 gives the values of the bending moment computed by five submodules and eight submodules, respectively. submodules through the high-order interpolation method. It can be seen that the trend of the values computed by FBHOI is the same as that computed by EBHOI, which demonstrates that the HOI method is more accurate than the spline interpolation scheme. Besides, the comparison of EBS and EBHOI shows that if the number of submodules is enough, both the HOI method and the spline interpolation scheme can give reasonable results for the bending moment distribution along the VLFS. Though the trend of the values computed by the HOI method is the same as for the spline interpolation scheme, there is still some difference in the absolute values of the bending moment distribution. Therefore, the displacementto-displacement to moment (DDM) method is developed to improve the accuracy of the absolute values. Figure 7 gives the displacement distributions along the VLFS computed by five submodules and eight submodules, respectively; here, the wave frequencies are chosen as 0.3 rad/s and 0.6 rad/s. It can be seen that the displacement distributions along the VLFS computed by five submodules are nearly the same as those computed by eight submodules. The core idea of DDM is that the displacement distributions calculated by five submodules and eight submodules are considered the same, so the six DOF of eight modules can be converted by the six DOF of five modules, and then the bending moment can be calculated by eight submodules. In the HOI scheme, the bending moment and the shear force are taken into account, but the DDM scheme also considers the displacement information, which means this method is more accurate than the HOI scheme in application. Figure 8 gives the bending moment distributions along the VLFS computed by the different interpolation schemes; the frequencies are chosen as 0.3 rad/s, 0.4 rad/s, 0.6 rad/s, and 0.7 rad/s. Here, FTEP means the eight bending moment points computed by the DDM scheme using five submodules, and FTEHOI represents the bending moment distributions along the VLFS computed by the DDM scheme using five submodules. It can be seen that the DDM scheme is better than the HOI method, and in realistic computations, the combination of five submodules and the DDM scheme can produce a reasonable result.
In the actual situation, considering the computational efficiency, fewer modules are used. The DDM method is useful to obtain high-precision calculation results.
Hydroelastic Response with
Moving Mass Points
Time Domain Hydroelastic Theory.
To take into account the effects of moving mass points, the simulation must be carried out in the time domain. In terms of the convolution of body motions according to the Cummins equations [18] and Ogilive relations [19] , for a multibody system (with bodies), the equations of motion can be rewritten in the following form:
where and are the mass and the added mass with infinite coefficient, respectively; is the delay function matrix; is the hydrostatic resilience matrix; and the over dot means the displacement and the partial derivative with respect to time; and is the wave exciting force.
The delay function and the added mass with infinite coefficient can be computed via the following equations:
where a and b are the frequency domain added mass and damping coefficient and ac is an arbitrarily chosen frequency.
Based on Lu's theory, for the time domain hydroelastic simulations, (19) should include the stiffness matrix as follows:
where K is the stiffness matrix coefficient.
If there exists some other force, for example, moving point mass, then the above equations should be modified as follows:
where f is the additional external force. Section 3 has shown that the combination of five submodules and the DDM scheme can provide reasonable results for both the displacement and bending moment distributions along the VLFS. Here, indirect time domain simulations are carried out, and the time domain results are transformed into the frequency domain. The comparisons of time domain (TD) values with the frequency domain (FD) results are shown in Figure 9 . The results are in good agreement, but there are some numerical errors. This paper uses the RungeKutta method in time domain iteration. Normally, numerical methods have computational errors. In the process of using the IRF method, we need to truncate the delay function. This is another numerical error. For a number of floating bodies, the truncation term will increase, so the error will increase. The vertical response along the VLFS is calculated by (12) , and the [ ] 6 ×1 term causes calculation error. When multiplied by a coefficient matrix, the whole displacement response causes calculation error.
Consideration of the Moving Point Mass.
To describe the position of the moving point mass, two coordinate systems are introduced in Figure 10 . These are the space fixed coordinate system OXYZ and the body fixed coordinate system oxyz. With the origin located at ⃗ = ( , , ) in coordinate system OXYZ, the position of the moving point mass is ⃗ = ( , , ) in the body fixed coordinate system. Therefore, the position of the moving point mass in the space fixed coordinate system can be written as
If the relative velocity of the moving point mass with respect to the VLFS is taken as ⃗ V , and keeping connected with the VLFS, then the acceleration of the moving point mass in the inertial coordinate system can be computed by the following equation Shi min, 2001 ):
where ⃗ is the rotational velocity of oxyz, ⃗ is the absolute acceleration, ⃗ is the transport acceleration, ⃗ is the relative acceleration, and 2( ⃗ × ⃗ V ) is the Coriolis acceleration. For the linear case, (24) can be simplified as follows (Guoping, 1989):
Therefore, the external force exerted on the VLFS coming from the moving point mass can be computed by
where 
Hydroelastic Response of the VLFS with a Moving Point
Mass. Here, we use a nonrigorous method to study the hydroelastic response of the VLFS with a moving mass point. Through the combination of time domain hydroelastic theory (22) point mass is located at the i-th submodule, then the motion equation of the VLFS can be computed as follows:
where ( ) is computed by (27). The main purpose of this paper is to discuss the applications of the proposed method for the computation of the hydroelastic response of the VLFS, with or without the moving point mass. Therefore, only one wave condition (wave length = 420 m) is taken as an example. In the numerical simulations, the total VLFS is divided into five submodules, as shown in Figure 11 ; the moving point mass is taken as 10 6 kg; the velocity of the moving point mass is 5 m/s; and the moving point mass begins to go on the VLFS at time 60 s. Figure 12 gives the time history of the displacement and bending moment of the VLFS, while Figures 13 and 14 give the contour of the displacement and bending moment of the VLFS with a moving point mass, respectively. It can be seen that before the moving point mass moves on the VLFS, the time variation of the VLFS is stable, and then the figure shows the influence of the moving point mass on the bending moment and the displacement.
Conclusion
This paper first describes a new method, based on both multibody hydrodynamics and the Euler-Bernoulli assumption, to calculate the response of the VLFS. Then two methods, the HOI method and DDM method, are proposed to improve the accuracy of the computation of the bending moment hydroelastic theory and the model experiment [21] . The results show that the new method is accurate enough to deal with the hydroelastic response of the VLFS. Some initial attempts have been made to study the hydroelastic response of the VLFS with a moving load. Further investigation will be conducted to study the influence of the moving point mass on the displacement, as well as the bending moment distributions of the VLFS.
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